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Abstract. 

We analyze the dynamics of the gravitational field when the covariance is restricted 
to a synchronous gauge. In the spirit of the Noether theorem, we determine the 
conservation law associated to the Lagrangian invariance and we outline that a non- 
vanishing behavior of the Hamiltonian comes out. We then interpret such resulting 
non-zero "energy" of the gravitational field in terms of a dust fiuid. This new matter 
contribution is co-moving to the slicing and it accounts for the "materialization" 
of a synchronous reference from the corresponding gauge condition. Further, we 
analyze the quantum dynamics of a generic inhomogeneous Universe as described 
by this evolutionary scheme, asymptotically to the singularity. We show how the 
phenomenology of such a model overlaps the corresponding Wheeler-DeWitt picture. 
Finally, we study the possibility of a Schrodinger dynamics of the gravitational field 
as a consequence of the correspondence inferred between the ensemble dynamics of 
stochastic systems and the WKB limit of their quantum evolution. We demonstrate 
that the time dependence of the ensemble distribution is associated with the first order 
correction in h to the WKB expansion of the energy spectrum. 
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1. INTRODUCTION 

The absence of a real time evolution of the physical states for the quantum gravitational 
field, is one of the most peculiar aspects characterizing the Wheeler-DeWitt equation 
[T]. It emerges as a direct consequence of implementing on a quantum level the 4- 
diffeomorphisms invariance of General Relativity. In fact, in the sliced picture of the 
space-time, the manifold V*^ is represented by a one-parameter family of spacelike 
hypersurfaces {i.e. ^ erf ^ 71) and the dynamics is summarized by the primary 
and secondary constraints, due to the presence of four Lagrangian multipliers (the lapse 
function and the shift vector) [2]. Hence, extending the canonical Dirac methods of 
quantization constraints to the gravitational sector, the frozen formalism arises [3]. 
For a detailed discussion of the problem of time in quantum gravity and for a review 
of different proposals to overcome it, see [4] (about the nature of time in quantum 
cosmology, see [5j, while for an evolutionary scenario coming out in the semi-classical 
limit see [6]). A valid discussion of the relation existing among time, matter, and 
reference frames in canonical quantum gravity is given in [3, [8]. 

In [9] and [lO] it was inferred that the non-evolutionary character of the Wheeler- 
DeWitt equation is a consequence of requiring that the 3+1-splitting of the space-time 
holds also on a quantum level. The point is that, in a covariant picture, the canonical 
quantization applies only if a physical reference fluid is included into the dynamics. In 
fact, the timelike character of the 4- velocity associated to a fluid has to be preserved in a 
quantum space-time too and it allows a physical slicing. The analysis presented in [9l[T0] 
includes the so-called kinematical action into the evolution and shows how the resulting 
"frame flxing" quantization of the vacuum gravitational field induces the appearance of a 
matter fiuid as a source. The approach based on the kinematical action can be re-casted 
as a Schrodinger dynamics for the quantum gravitational field [17]. This same point 
of view was also addressed in [H], where it is outlined how the quantum gravitational 
field, viewed in a synchronous (or Gaussian) frame, acquires an evolutionary character 
and a dust fiuid arises into the dynamics (see also the related discussion in [I2]). Other 
important approaches based on the so-called embedding variables, and even referred to 
the path integral formalism, can be found in [T3]-fT5] (see also [T6]). 

Here we face the classical and the quantum dynamics of the synchronous 
gravitational field, starting from a restriction of the covariance principle to 
those coordinates transformations which preserve the choice of this gauge. The 
phenomenological issue of the synchronous quantum gravity, so defined, outlines the 
appearance of a non- vanishing eigenvalue Hamiltonian, refiecting the presence of a dust 
fiuid. Since the privileged role of a dust fiuid as a physical clock is well-established in 
literature, we have to point out the peculiar aspects of our approach. In [H], [I2] 
and [9] the construction of the clock is based on adding new terms to the system 
action, and then deriving the new Hamiltonian constraints. Here we focus attention 
on the symmetry of the synchronous space-time, having in mind that the choice of a 
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coordinate system must come out into additional energy-momentum contributions. We 
put in correlation the (restricted) symmetry invariance with the quantum nature of the 
appearing fluid. In fact, the violation of the general relativity principle singles out by the 
appearance of a source term, living in a covariant picture and whose energy (expected 
to be positive in the ground state) vanishes in the classical limit. The main new address 
of our investigations is essentially in this idea, that General Relativity is compatible 
with the synchronous quantum gravity. The discussion of Section 6 clarifles this point 
of view, by underlining the link between the restored quantum time variable and the 
spectrum dependence on h. 

This new contribution can be heuristically interpreted as the quantum "materialization" 
of the synchronous gauge imposed on the vacuum theory of gravity. We also address 
the request of having a positive energy density of the dust and we infer that the ground 
state of the theory ensures such requirement is fulfllled. The main point is that the 
magnitude of the eigenvalue arising from the generic quantum cosmology is bounded, 
of the order of h, and vanishing in the classical limit ^ — > 0. Hence, we discuss the 
possibility of a general character for this feature, and we provide an implementation of 
this point of view within the correspondence existing, for chaotic systems, between the 
ensemble distribution and the semiclassical wave function. 

Thus, we conclude that a scenario can be inferred in which the time evolution of 
the quantum gravitational field takes place only at a higher order in the h expansion 
of the theory. In this respect, the phenomenology of this evolutionary quantum gravity 
overlaps the same issues of the Wheeler-DeWitt approach, and General Relativity is 
recovered in the classical limit. This result is a consequence of the "quantum" character 
of the device responsible for the emergence of time, thus providing an explanation for 
the applicability of the approach discussed in [20] into a cosmological setting. By other 
words, we fix a time-clock which turns out to be a quantum component of the whole 
system and so the notions of external and internal times converge. 

This paper is organized as follows. In Section 2, we derive the fundamental 
constraints implied on the theory by the invariance of the Lagrangian, in the framework 
of a Noether theorem extended to the gravitational sector. Section 3 is devoted to discuss 
the canonical quantization of the synchronous gravitational field, and the question 
concerning the physical interpretation of the outcoming Hamiltonian eigenvalue. In 
Section 4, we formulate the cosmological problem inherent to a generic inhomogeneous 
Universe in the presence of a massless scalar field and of a cosmological term, which allow 
to model an infiationary scenario. We develop the canonical quantization of this model 
in the framework of a Schrodinger dynamics. The possibility to neglect the potential 
term, in the asymptotic limit to the cosmological singularity, allows to deal with an 
approximated analytic solution. The precise conditions for the validity of the proposed 
picture are as the ones for the existence of an infiationary scenario. The Hamiltonian 
eigenvalue comes out as ranging, in modulus, between zero and much less than the 
Planck energy. Since a negative portion of the spectrum arises, an estimate for the 
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contribution of dust to the Universe critical parameter is given (assuming the Universe 
near its ground state). Such a contribution is extremely small O (10~^°) and therefore 
we are lead to phenomenologically recover no observability for a primordial quantum 
evolution of the Universe. 

In Section 5, we discuss the quasi-classical limit of the model, which outlines how the 
variable associated to the Universe volume reaches the classical stage before the potential 
term becomes relevant in the dynamics. 

In Section 6, we provide a discussion concerning the formulation of an evolutionary 
quantum gravity from a more general and gauge-independent context. The approach 
is based on comparing the ensemble representation of a stochastic system with the 
semiclassical WKB limit of its quantum dynamics. In particular, Section 6.1 is devoted 
to fix the paradigm of such a correspondence for a generic stochastic gravitational field. 
Here we show that a non-zero super-Hamiltonian eigenvalue is expected to reproduce the 
right behavior of the ensemble distribution. Section 6.2 discusses the implementation of 
the outlined scheme to the case of the inhomogeneous mixmaster model as a gravitational 
stochastic system. 

Finally, in Section 7 we give some concluding remarks about the main lines of 
thinking fixed by the overall analysis. 

2. GRAVITY IN A SYNCHRONOUS REFERENCE 

In a synchronous (gaussian) reference frame to the splitting = the metric 

tensor corresponds to the choice goo = 1 and goi = {i = 1,2,3), i.e. in the 3+1- 
formalism we have to require = 1 and A^* = for the lapse function and for the shift 
vector, respectively. In order to fix the form of the coordinates transformations which 
preserve the synchronous character p5], we consider a generic infinitesimal displacement 

t' = t + ^{t,x^) x'' =x' + C{t, x^) (1) 

and the associated 4-metric change 

V =9f.u-'2 , (2) 

with ^'^ = {^, (/i = 0,1,2,3). From (l2|), preserving goo = 1 and goi = 0, it 
comes out that the following two conditions respectively hold 

dt^ = ^ t' = t + e(x') (3) 
hijdt^'^ = dii x'' =x' + dji j h'^dt + (f)\x^) , (4) 

where 0* denote three generic space functions. Finally, for the 3-metric we get the 
transformation 

h[^{t', x'') = h,,{t', /) - 2 3V(,e,) - dth,,^ . (5) 
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In a synchronous reference, the Lagrangian of the gravitational field, in presence of 
a cosmological constant A, reads 

Lgrav = d'xCgrav = ^ "^^^^ " ^''^^^ " ^ L ^'^^"^ ' 

where k is the Einstein constant {k = SvrG/c^), h = dethij and Kij = —^dthij refers 
to the extrinsic curvature, while K = It^Kij. In terms of the Lagrangian density (of 
weight 1/2) £, the i— j components of the Einstein equations take the Euler-Lagrange 
form 

f 5L \ f 5L \ 5L _ 

Under an infinitesimal 3-metric displacement h[j{t\ x' ) — hij{t, x') = 5hij + dfhij^, 
the Lagrangian density £ changes correspondingly as (where, the contribution 6hij is 
provided by ((51) and the 3-metric is transported parallel along the space hypersurfaces) 



6C = Cgrav {h'{x'), Cfh'^x')) - Cgrav {h{x) , dh{x)) + 6Cmat = (8) 
= Cgrav {h'{x'), &h!{x)) - Cgrav {h{x ), &h{x')) + dtCgrav^ + diCgravC + SCmat, 

where we adopted a schematic notation for the sake of simplicity. 
Since in the following we will see the application to a cosmological setting with a scalar 
field, we are going to consider the case in which a scalar field is present. 
Hence, let us consider the full Lagrangian density C = Cgrav + C^p. The analogous of 
the expression ((51) for the adopted matter field is the following one 

ip'ix',t') = ipix',t')-Cd,ip-^dtip , (9) 

while Euler-Lagrange equations are obtained from the ones for the gravitation field, by 
replacing hij with (p. 

Thus, the invariance request explicitly reads 



6L 

6L = Yi—^hij + 
5hij 

+ J^5{di^) + -J^5{dtv) + / dtCiSx = 



(10) 



6(p"'^ ' 6{di(p) S{dt(p) 

where a 3-divergence has been eliminated by suitable conditions at spatial boundary. 
Making use of equations ((Tj) and avoiding other 3-divergences, we finally arrive to the 
conservation law 

dt 



d^x 



5C 

5{dthi 



-6h 



5C 



5ip + C^ 



(11) 
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Substituting ([5]) and ([9]) in the above relation, and observing that 



sc 



and 



5C 



S{dthij) S{dtip) 

give the conjugate momenta vr*-' and vr to the variables hij and tp respectively, we rewrite 
ffTTl) in the form 



dt 



d X 



-27:'^ ^Vii, - fTr^.v? - U'^dtK, +T:dt^-C)^ = . (12) 



Above, the second term in parentheses coincides with the super-Hamiltonian H , 
while the first one, by virtue of (JS]) and (111) and integrating by parts, can be restated as 



d^x 



(2 ^WjTil - ndiip) ((f)' + di^ / dth 



(13) 



Recalling that the super-momentum Hi is given by —2 j^l + rtdiip, taking into 



(fT2ll the time derivative and using the relation dtC 
request reads 



di^h''\ we see that the invariance 



d'x l^-dt{Hi) (^<P' + di^ J dth^'^ - (dtH - diH') ^1 = 0. (14) 

Since = are four generic (independent) displacements, then the solution 

to the above integral equation is provided by the following constraints 



dtH, = 0, dtH = diH' 



(15) 



The first three constraints yield = ki{x^), reducing the fourth one to dtH = dikK 
We now observe that H does not depend explicitly on time while, on the other hand, 
the super-momentum constraints have to remain independent by each other because the 
pure 3-diffeomorphisms are included into the transformations (l3|) in correspondence to 
^ = {i.e. we must have dik'^ ^ 0, if ki ^ 0). Therefore, the only available solution to 
the system (fT5|l stands as the following constraints 



H* = H- Six' 



Hi = 0. 



(16) 



The obtained result outlines how, preserving in geometrodynamics the synchronous 
character of the reference, we are lead to a non- vanishing super-Hamiltonian, while the 
3-diffeomorphisms invariance still holds due to the constraint Hi = 0. 
Since £^ is a scalar density of weight 1/2, then we can take it in the form £ = 
-2Vhp{t, X') (p being a scalar space-time function). The action associated to this 
system of constraints corresponds to the following modification of the Einstein-Hilbert 
one, in presence of a cosmological constant and of a scalar field, 

S = / d'xV^{R-2p^-^^^^)~ J d'x^A+ J d'x^C^, (17) 

p being a Lagrangian multipliers, which preserves the co-moving character of the 
reference. Hence the Hamiltonian is given by 

n = f d^x{N{H -S) + N'Hi) (18) 
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and, once a canonical symplectic structure is introduced, the algebra of constraints is 
as follows 

{H,{x),H,{y)} = H,{x)S,{x - - H^{y)S,i{x - y) (19) 
{H*ix), H,{y)} = -H*iy)6,ix - y) (20) 
{H*{x), H*{y)} = H\x)S,,ix - y) - H\y)5^i{x - y). (21) 

We now observe that the constraints {H* = 0, Hi = 0} still obey a closed algebra for 
their Poisson brackets (see [3] and |T7]). 

By its role in the super-Hamiltonian constraint, the function p acquires the physical 
meaning of energy density associated to a co-moving dust fluid. 

In fact, we are describing a scenario in which a source for the Einstein equation 
is present, which is co-moving with the slicing and provides the modification (fTBl) to 
the constraints of General Relativity. In presence of a fluid with an equation of state 
p = (E — l)p, the Einstein system in the slicing picture reads 

p = -^, Hi = 0, G^.d.y^djy'' = G,j=K{E-l)ph,j. (22) 

Hence, the conservation law for the energy-momentum tensor, i.e. T^.^^ = implies 
the following two conditions 



2(P«^);, = (H-I)«^9,p (23) 

vJ^u^,, = (l - 4) (^M In P - u^u^'d. In p) . (24) 

Once the splitting is adapted to the fluid, which means setting the vector normal 
to the splitting = u^ = 5q, a. Gaussian geodesies frame is fixed (A^ = 1 and A^* = 0) 
and the consistency of the equation (l24ll requires S = 1 (dust fluid). In this case, a 
solution of equation (l23l) is given by 

{pu^).^ = (V^pu^) ^ = ^dtp = 0^ p = -e{x^)/2Vh. (25) 

The most natural way of thinking about the appearance of such a new contribution 
is that the reference flxing procedure requires a physical realization of the synchronous 
gauge. 

Furthermore, the allowance for such a new source contribution preserves the 4- 
diffeomorphism invariance, even though fixing a synchronous reference frame leads to 
modified Hamiltonian constraints. 

Here two main points call for attention. 

i) — The energy density p is not always positive. 

ii) — The quantity S{x^) is fixed by the initial conditions we assign on a non-singular 
hypersurface and therefore it can be, in principle, fixed as arbitrarily small. 



General Relativity as Classical Limit of Evolutionary Quantum Gravity 
3. CANONICAL QUANTIZATION OF THE MODEL 



8 



By the Lagrangian ([6]), the Hamiltonian density {i.e. the super-Hamiltonian in a 
synchronous reference frame) takes the explicit form 

H = 2c^kGijkiTi"^Ti^^-^V}?R , Gijki = -^^(hikhji+huhjk-Kjhk) , (26) 

where denotes the 3-dimensional Ricci scalar. 

The canonical quantization of the synchronous gravitational field is achieved by 
upgrading the canonical variables hij and n^^ to operators acting on the state function 
X, i.e. 



ih S{ ) 

cfc)3/2 6 hij 

and then implementing the synchronous constraints H* = and Hi = as follows 



H*X£ = Hxs = £xs (28) 

H^Xe = Q- (29) 

To safe the Hermitianity of the super-Hamiltonian, we are lead to take the operator 
ordering (see |9]) 

G'jjfciTr*^''' Ti^'^GijkiT^^^ . (30) 

Being the super-Hamiltonian non- vanishing, it turns out that the dynamics is fixed 
by the Schrodinger equation 



iWtX= I^Hd'xx, (31) 
and the wave-functional evolves with the label time. 

The interpretation of the super-Hamiltonian eigenvalue as physical matter, relies 
on the proof that a region of positive energy density exists. 

Having in mind this idea, we adopt more convenient variables to express the 3- 
metric tensor, i.e. 

h,, = rt^^Uij , (32) 

with r] = h^/^ and detUij = 1. 
Expressed via these variables, the synchronous action reads 

S= f[p^dtV + p'^dtUij-H}d^xdt, (33) 

where and p*-' denote the conjugate momenta to rj and Uij respectively, while the 
Hamiltonian density takes the form 

H = -^c^kpl + '^u.kUjip'^p'' - ^V^^y^'^ij. Vr/, Wu,,) . (34) 
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Here, the potential term V comes from the 3-Ricci scalar and V refers to first and 
second order spatial gradients. 

In this picture, the first of the equations (l28ll takes the form 

A„ = -^UikUji^— , (36) 
dUij duki 

From a qualitative point of view, the existence of solutions for the system (l35ll with 
negative values of S can be inferred from its Klein-Gordon-like structure. However, 
the Landau-Raichoudhuri theorem states that, in a synchronous reference, the metric 
determinant always vanishes monotonically in correspondence to an instant of time t* 
where all the geodesies lines cross each other, i.e ri{t*,x^) = 0, with dt^t*V > 0. Such a 
classical property of the variable rj, on one hand supports its meaning of internal time 
and, on the other one, it allows us to take the limit ?7 0, where the system (l35l) admits 
an asymptotic solution. In fact, in this limit, the potential term is drastically suppressed 
with respect to the A„ one and the dynamics of different spatial points decouples. Thus, 
the quantization scheme reduces to a local minisuperspace approach. 
It is easy to see that such approximate dynamics admits, point by point in space, the 
solution 

X£ = i^£iv,P)Gp2{uij) , (37) 
i and Gp2 satisfying respectively the two equations 

f 1 5^ 32p2 1 ^ 



AuGp2 = -p^Gj,2 . (39) 

The potential term is negligible, also on a quantum level, as soon as the following 
condition holds 

Ahck^T]^ 2k Am Jau 
This relation stands for a wide range of values, approaching 77 = 0, and it can be 
obtained by considering a wave packet laying over a region Au ~ 1/Ap ^ 1, where Ap 
is a small uncertainty around the picked value p {p ^ ^p)- Hence the last condition 
singles out values of p greater than a fiducial one po ~ Ap, according to the prescription 
that a quantum-classical correspondence stands only for high quantum numbers. 

As far as we take l = y/rjOirj) and we consider the negative part of the spectrum 
£ = — \ £ \, the function 9 obeys the equation 

^^^^-0 (41) 
£' = hck^£, = \(l- 128p^) . (42) 
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Thus we see that a negative part of the spectrum exists in correspondence to the 
solution 

eiv, £, p) = AJ,i^/[F]r^) + 5 J_,(v^r^) , (43) 

where J±q denote the corresponding Bessel functions, while A and B are two 
integration constants. This solution remains valid only as far as \ p \ < l/{8\/2). 

To give a precise physical meaning to this picture, the following four main points 
have to be addressed. 

i) The existence of a stable ground level of negative energy has to be inferred or provided 
by additional conditions, ii) The spatial gradients of the dynamical variables and there- 
fore the associated super-momentum constraints, have to be included into the problem 
and treated in a consistent way. iii) The physical nature of the limit rj ^ has to be 
clarified by a physical characterization of the dynamics, iv) In order to restore general 
covariance in the classical limit, £ has to vanish for ^ ^ 0. But, to be retained in the 
zero-order WKB approximation 8 should behave like h^~'' (6 > 0). 

We conclude this section by stressing that, in the quantum regime, the values 
available for S are provided by the super-Hamiltonian spectrum. Thus, they depend 
on the boundary conditions fixed for the system, but not on the initial form of the 
wavefunctional. As a consequence, the induced (quantum) fluid is determined by the 
intrinsic properties of the geometrodynamics and the test character of this dust is no 
longer ensured. 



4. EVOLUTIONARY QUANTUM COSMOLOGY 

In order to investigate the implications of the synchronous quantum dynamics, we 
now present results, based on the works [18] and [H], on the behavior of a generic 
inhomogeneous Universe. In fact, the absence of specific symmetries is required by the 
impossibility of preserving them in quantum cosmology at super-horizon scales. 
The quantum implementation into an evolutionary framework will be presented in the 
following subsection. 



4.1. GENERIC GOSMOLOGICAL SOLUTION 



As shown in [42], a generic inhomogeneous cosmological model (in terms of Misner 
variables a and P±) is described by the action 



SRed = / , dtd^y {Padtot + p+dtl3+ + p-dtl3^ + p^dtif - H} 



(44) 



H 



c^ke 



-3a 



2 I 2 I 2 
-Pa +P++P^ 



^pI - U{a, (3^) + 



(45) 



2A; J r 
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y'^ being a suitable set of spatial coordinates, with J the Jacobian of the 
transformation y'^ = y"'{x^). Here the functions Aa(y^(x')) fix the model inhomogeneity. 

Above, to account for the inflationary scenario, we included in the dynamics a 
massless scalar field ip and a cosmological constant A. The presence of these two terms 
allow us to model the main features of the inflaton field dynamics in the pre-inflation 
and slow-rolling phases, respectively. However, both (p and A have also an important 
dynamical role. In fact, on one hand, the presence of this scalar field is crucial to neglect 
the potential term f/ on a classical [23l[24] and a quantum level [25]. The kinetic term of 
if is able to destroy the chaotic behavior induced by the spatial curvature, and therefore 
here no serious differences are expected in comparison with to the loop quantum gravity 
approach (in such a formulation, the chaoticity would disappear even without the scalar 
field [26]). On the other hand, the later de-Sitter dynamics, associated to the slow-rolling 
regime, provides the isotropization of the causal homogeneous portions of the Universe 
[27] . justifying the estimations (based on the actual Universe parameters) which we will 
address below for our generic model. 

12. THE QUANTUM DYNAMICS 

Since the total Hamiltonian of the system reduces, near the singularity, to the sum of 
oo'^ independent point-like contributions, the Wheeler superspace is decomposed into 
oo^ minisuperspaces and the Schrodinger functional equation splits correspondingly. 
Fixing the space point [i.e. ?/"(x')), the quantum dynamics reads (we denote by the 
subscript x any minisuperspace quantity) 

tW,i^. = H.i^, = ^ [d^e-'^d^ - {dl + d'_)] - ^e-^-aJ^. - 
^ ^ e''V{(3±)-^eA^lj, (47) 



\2k\J\^ k 
= a, P±, (48) 

We now take the following integral representation for the wave function ip^ 

'^x = j dS^B{S^)a^{a, f3±, S^)exp 1^-^ J^^ N^S^dt'^ (49) 

CTx = ^x{o:, £^^)n^(a, p±, if), (50) 

where B is fixed by the initial conditions at to- Hence, we get the following reduced 
problems 




(61) 



9h'^ „oA „ 3 



' k 



— ^x^x ■ (^3) 
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Above, in deriving the equation for we neglected the dependence of tt^ on a 

because, asymptotically to the singularity (a — oo), it has to be of higher order 

{i.e. we address an adiabatic approximation). If we take the plane wave solution 
vr^ oc e^(^+^++''-/^-+^^'^), then we get 

v^ = vl + v^_ + ^^vl = const. (54) 

and, in the limit a — > — oo, this choice is a good approximation as far as the following 
condition holds 



- < + » 2^imjp " ^ L '''' f ''<^*» 

Here, instead of ideal monochromatic solutions, we considered wave packets which 
are flat over the width A/3 ~ 1/Av^ ^ 1 (Af^ being the standard deviation in the 
momenta space). 

Once the new variable r = e'^" is adopted, the above eigenvalues problem for the 
wavefunction reads 

— (9571 + + I«. = f?- (66) 

Here the potential term reads O (t"^^'^) and therefore the cosmological term 
dominates as far as the following condition holds 

1 _ ^1/3 

L, = -^«L.^ = j^, (57) 

where (A) denotes an average value on the functions Aq. The above relation 
corresponds to the request that the length scale associated to the "vacuum energy" 
(La) is much less then the physical scale of the Universe inhomogeneity (Lj„), that is 
just one of the usual constraints for starting the inflation. 

Searching for a solution to equation ([56l) in the form = t'^/x(t), we get 




he 



(58) 

= 0, (59) 

being the characteristic length associated to the Universe "energy", while 
Ip = yhck denotes the Planck scale length. 

Hence, it is easy to check that, within the precision of our potential-free regime, the 
solution of the above equation admits an exponential form (as boundary conditions, we 
require that ^ vanishes in correspondence to the singularity in r = and decays at large 
r, where the potential becomes relevant), i.e. 
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/ = Cexp{-f3^T^ + 7r} (60) 
7 = 2|/?uA + ^- ,,,,\, j^ = 6Sj. (61) 



We see that the quantum dynamics in a fixed space point (i.e. over a causal 
portion of the Universe) is described, in the considered approximation (r ^ 1), by a 
free wavepacket for the variables (3± and (p and by a profile in r which has a maximum 

in r = (7 + + 86(3'')/Af3\ 

We stress that above the constant C has to be regarded in as a generic function of 
the quantum numbers {k±, k^}. 

To estimate the range of variation for the eigenvalue Sx, i.e. the length Lg, we 
observe that the maximum value admissible for the quantity 6 corresponds to = 0, 
i.e. 6 = 1. Furthermore, the validity of the solution above requires that the condition 
/3^r < 7 = 2^(5 + I - i2L'lij,/3'2 I I (which implies | /5 | r < VQ^I - isl^^^ ^2 ) holds. 

In agreement with the idea that the gravitational field has a natural lattice structure 
on the Planckian scale [28], we can take as minimal value for the variable r, the amount 
I PI. Putting together these considerations, we arrive to the fundamental inequality 

Vq I 1 

1% V 18Lll%p^ 

The reality of the square root {6 and P have to be real to ensure the reality of 
£) requires that | /5 |> 5^757^^- Ifi ^is expected. La ^ /p, then the above inequality 
( l62l) reads | /3 |-C l/lp (because the neglected term behaves as 0{lp/L\) <^ 1), or 



£x |< ^3 OiMpic") -^Le:^lp, (63) 

''PI 



(^\«ir\^-T^7Tjn^- (62) 



equivalently 



where Mpi = h/{lpic) is the Planck mass. 
It is worth noting that here the appearance of a stable ground state for the model is a 
consequence of the cut-off request. According to the standard interpretation of quantum 
mechanics, we make the assumption that the Universe must necessarily approach this 
state of minimal "energy" as a result of its spontaneous evolution. 

As shown in [29], the above range of variation for the super-Hamiltonian eigenvalue 
leads, in the isotropic case, to a negligible contribution of this term toward the actual 
Universe critical parameter, when an infiationary stage is (like here) addressed. In fact, 
to estimate the critical parameter associated to the new contribution, say Qs, we observe 
that the super-Hamiltonian eigenvalue, in the classical limit, behaves as a constant 
of motion and therefore it provides today the energy density ps <^ 0((Mp;c^)/i?Q) 
{Rq ~ C(10^®cm) denoting the present Universe radius of curvature). Since the actual 



General Relativity as Classical Limit of Evolutionary Quantum Gravity 



14 



critical density can be expressed as Pc ~ Olc'^/IGRKQ — 1)]) (being Q = 1 ± (9(10 ^) 
the total Universe critical parameter), then we have 

Thus, to regard the dust fluid as a dark matter candidate, "matter" (from the 
thermal bath) must play a relevant role in the Planckian Universe evolution (see the 
model addressed in [30l [3l], where ultrarelativistic matter and a perfect gas were 
included). The correspondence between the isotropic case and the generic dynamics 
is possible because the last is homogeneous at the horizon scale, and the anisotropics 
contribution is isomorphic to the scalar field one (both providing a free energy density 
oc e-6"). 

5. THE QUASI-CLASSICAL LIMIT 

Though we solved equation (l56ll only in the limit of small values of r, where the spatial 
curvature is negligible, nevertheless we now show that conditions for the classical limit 
of the r-dynamics exist within such approximation. For a discussion on the decoherence 
of the scale factor in a Freedam-Robertson-Walker space-time see [32] (for the semi- 
classical limit of the Wheeler-DeWitt dynamics in a more general case see [33]). 
In the variables {r, P±, ip}, the local minisuperspace line element reads 

= - 3^7*' + ll K ^"'^-) + ■ (65) 

Thus, for small Universe volumes, we construct the semiclassical limit of the 
considered model, applying a procedure in the spirit fixed in [35] and allowed by the 
decoupling of the asymptotic classical r-dynamics from all other variables. 
Aim of the analysis here faced is to separate the evolution of the quasi-classical variable 
r, from the quantum anisotropics P± and the scalar field ip, for which an Hilbert space 
can then be defined. 

Having in mind this picture and fixing, by the line element above, the timelike variable 
T as the quasi-classical component of the Universe, we can take the (point-like) wave 
function a in the form 

a = p{T)exp l^^l Vir, (3±, ^p) . (66) 

Substituting this expression into the eigenvalue problem (ISTll , taking the limit ^ — > 
{i.e. T 3> Ip) and addressing the approximations fixed in [35], then we get the following 
system of three coupled equations 



fd^Y A S 



(67) 
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Stt^ 



V. 



15 
(68) 

(69) 



The first equation gives the Hamilton- Jacobi dynamics and therefore the 
identification Pr = d^/dr naturally arises {pr being the conjugate momentum to 
the variable r). Starting from the action (l44ll . it is easy to check the relation 
—Gc^kpT- = dtr/r. Hence the equation for the wave function V takes the meaningful 
Schrodinger form 

'n^c'k 



ihdtV 



1 



r(t) 



V. 



(70) 



where the function r(t) is assigned by the classical dynamics (containing the dust 
term too). In the present evolutionary scheme it comes out from the equation 



t 



t* = const. . 



(71) 



Since the Universe lies expectantly in the ground state of negative energy (i.e. we 
take £ = — \ S \), then, in the region r -C L£L\, the Hamilton- Jacobi equation and the 
coupled one for the amplitude /i, admit the solutions 



* = ^Vk^^ /" = ^?v^ V = V{x'); (72) 

above, we set to zero the integration constant for $, because it provides only a 
phase factor. 

It can be verified that such behaviors of $ and ^ are in agreement with the 
approximations at the ground of the system (l67l) . 

The solution of the Schrodinger equation (iTOl) has exactly the same form of a 3- 
dimensional non-relativistic free particle, as soon as the time variable T = J{dt/T(t)) is 
adopted. 

Thus we show how the energy spectrum arises near the cosmological singularity. 
Indeed, the question concerning the classical limit of such degrees of freedom remains 
open. The description of a transition, from the quantum mixmaster to a classical 
isotropic Universe, remains an open topic in theoretical cosmology and the different 
proposals for its solution strictly depend on the initial condition on the system (for a 
discussion in the Wheeler-DeWitt approach see [HH [37]). In the present context, we 
stress that, sooner or later (out of our approximation scheme), the potential terms, 
both for the anisotropic variable and the scalar field, would become important in the 
evolution. It is just in this phase that we expect the appearance of a classical behavior. 
This point of view is supported by the quadratic feature that such potential terms 
must approach. The potential of the mixmaster becomes quadratic in (3± as far as the 
Universe expansion (i.e. increasing values of r) frozes out the corresponding anisotropy 
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{i.e. small values of (3± are approached). The potential term associated to the scalar 
field is quadratic near its stable minimum, which must exist before the spontaneous 
symmetry breaking of the inflationary scenario. Therefore, wave-packets peaked around 
small values of (3± and ip seem favorable in reaching the classical limit. 
When the system falls into this quadratic approximation, stable coherent states can be 
constructed with classical properties. 

6. FROM THE SYNCHRONOUS REFERENCE TO A GENERAL 
POINT OF VIEW 

The results of the above discussion outline that synchronous quantum gravity is an 
evolutionary theory of the space-time, but the associated phenomenology seems to 
be compatible, on a cosmological level, with the Wheeler-DeWitt paradigm: both the 
approaches provide General Relativity in the classical limit for h ^ 0. The key feature 
here is the dependence on h acquired by the super-Hamiltonian eigenvalue. This picture 
suggests us to investigate for more general contexts which would predict evolving wave- 
functionals only up to some order in ^. In this respect, we flx our attention on the 
relations existing between a statistical representation of a stochastic system and its 
semi-classical features as coming out of the WKB limit. 

The physical reason leading us to compare the semi-classical limit of the quantum 
mechanics to an ensamble picture is that, for a stochastic system, two independent (one 
classical and another semi-classical) probability distributions make sense. Indeed, for 
any classical dynamics we could define a probability distribution as a delta functional 
over the deterministic trajectory. Despite this choice would naturally imply the necessity 
of an evolutionary approach, nevertheless it appears rather ill-defined to be properly 
addressed (for a discussion of this point of view, as well as of a Bohmian approach to 
the same question see [39l l40] ). 

This parallelism fixes, for stochastic gravitational systems, a correspondence 
between the time evolution of the ensemble distribution and that of the first correction 
in h to the wave- functional. 

6.1. THE GRAVITATIONAL FIELD 

Let us now analyze the case of the gravitational field, with the aim of inferring an 
appropriate equation for its quantum dynamics. 

In a generic reference frame, the action describing the gravitational field reads as 
follows [2] 



where (here we restate in detail the notation) V'^ = T,'} x IZ denotes the whole 
4-manifold (sliced into the 1-parameter family of compact boundaryless 3-hypersurfaces 




(73) 
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E^), TT*-' are the conjugate momenta to the 3-dimensional metric tensor hij, while the 
gravitational super-Hamiltonian H and the supermomentum Hi take the form 

H = Gijfc;7r'%*^'- -j^g^^ \/7?R, Gijkl = -^^{hikhji+hiihjk-hijhk) (74) 

Hi = -2 ^V,4 . (75) 

In the above expressions, and ^Vi( ) denote the Ricci scalar and the covariant 
derivative constructed by the 3-metric hij respectively, while h = dethij. 

The dynamics of the system is summarized by the following field equations 
(obtained variating the action with respect to N ^ N\ tt^^ and hij) 



H = 0, H, = (76) 

a,k, = ^,a,.-' = -^^ (77) 

n= I (fx [nH + N'Hi] . (78) 

The four constraints H — Hi — reflect the 4-diffeomorphism invariance of General 
Relativity and they are characterized by the following two properties: 



i) These constraints are non-evolutionary, i.e. if they are satisfled by the Cauchy 
data on the initial hypersurface (say at t = to), then they remain valid for all the 
evolution, in view of the Hamilton equations. 

ii) The four constraints lead, under the replacement tt*-^ = 5S/6hij, to the Hamilton- 
Jacobi equations 



HJS . ^^..^^ - j^Vh^R - (79) 

HJiS=-2hii'Vj^ = 0. (80) 
ohji 

This set of equations provides alone the whole gravitational held dynamics. 



Thus, if we restrict the phase space of a stochastic gravitational system to ensembles 
which satisfy the constraints above {i.e. to the Wheeler phase superspace), then the 
Hamilton equations fix the dynamics of the system, for which the lapse function N 
and the shift vector A^* play the role of parametric functions. In analogy to the 
non-relativistic particle, the continuity equation for the ensemble density (functional) 
e{t, N{t, x^), N'{t, x^), hij{x^),7r'^){x^)) reads as 

.0. (81) 
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Making use of the following relation 

-G.,Hvr'^' + ^ViNj + ^VjNi , (82) 



6n 32nG ^ 



restricting the phase space distribution to the form e = g(t, hij)S {n'^^ — SS/Shij), and 
evaluating the integral over the momentum space, we arrive to the reduced continuity 
equation 



32nG /• „ 5 r „ \ ^ ^ f ,^ 5 

— \^ijkij7-0\+2 / d-'x— 
hj \ ohki ] Jt.1 dhij 

g = J sD-n being the distribution reduced to the configuration space (here Dti denotes 
the Lebesgue measure defined for the conjugate momentum). 
Observing that (with obvious notation) 

and since the hypersurfaces are taken to be compact ones without boundary (which 
allows us to eliminate total divergences) 0, then the above equation (l83l) rewrites 

dtQ+^-^l rf^x|iV,3v,i^| =0.(85) 

The dynamics of the system has to be invariant under the infinitesimal 3- 
diffeomorphism x'' = +^\x^) {S} being generic displacements), which induces 3-metric 
transformations h'^^ = hy — 2 ^V(i^j). 

Requiring that g is invariant under such 3-metric changes, yields g{hij — 2 '^V(i^j)) — 
g{hij) = 6g = 0, i.e. 



Since ^* are generic space displacements, we get 2 '^Vj = 0. 

In view of this result, the ensemble density loses its parametric dependence on the shift 
vector and it takes values on the 3-geometries {hij}. As far as we average the constraint 
H = over the momentum space, we recover the Hamilton- Jacobi equation and then the 
statistical properties of the gravitational system (as viewed in the Wheeler superspace) 
are summarized by the following functional equations 

^G,.^i^--^v^'ii = (87) 

dhij dhki IQ'kG 

327rG f 5 { ^ 5S \ 
dtg + / cPx-— { Gi,kiT7-Q = (88) 



HJiS = HJ^g = 0. (89) 
t We stress that the momentum tt*-' , as well as dg/Shij are 3-tensor densities of weight 1/2. 
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If we develop the time dependence of g in Fourier series, i.e. 

/oo 
dujgiuj, {/ii,})e*"*, (90) 
-oo 

then the second of the above equation rewrites as 
32ttG /■ ,3 6 6S ] 

— 5~ / d X—— <GijMYT—g> = -thug. (91) 
c2 Js? 6hij [ 5hki J 

This equation, together with the Hamilton- Jacobi system and the condition for 3- 
diffeomorphisms invariance, provides the statistical framework to be used when fixing 
the WKB limit of the quantum dynamics. 

In analogy to what done for the non-relativistic particle, let us consider the following 
smeared eigenvalue problem 

I j ^ SxNH^ ^ = E^m (92) 

Hi-^ = (93) 
Viz = vl>(t, N, {h,,}) , (94) 

where the operators H and Hi are casted via the conjugate ones hij and vr*-' = 
—ih6{ )/Shij (for the sake of simplicity, here we take Ip = 1). To safe the Hermitianity 
of the super-Hamiltonian, we are lead to take the normal ordering (see [9]) 

G.,fci7r^%'=' ^ -h'^G^.kiJ- (95) 
6hij 6hki 

Taking the expansion 

m = e^^, S = So + -Si+ (-1 S2 + ..., (96) 

then, in the considered WKB limit and up to first order in ?i, from ( 192! ) we get the 
key relation 

= [e^ ~ E^ + O (h^)) (97) 
/ d^x {HJiT.Q - ihHJiJ:^] = , (98) 

The correspondence between this scheme and the ensemble picture leads to the 
identifications S = Sq, g = e^^^ and E^ = 0, Ei = hoo. Thus, we see that for a 
stochastic gravitational field, the non-stationary character of the ensemble distribution 
reflects the existence of a non-zero super-Hamiltonian eigenvalue of order h. This result 
is equivalent to dealing with a Schrodinger equation (like in Section 3), whose associated 
time evolution entirely lives in the quantum sector, so ensuring the right classical limit 
of General Relativity. 
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6.2. THE EXAMPLE OF THE INHOMOGENEOUS MIXM ASTER MODEL 



As an implementation of the above scheme, we now discuss the asymptotic dynamics of 
the inhomogeneous mixmaster model which is a widely-known example of a stochastic 
gravitational system [41]. Here we do not address real new results, but we implement 
the well-established mixmaster picture to the present analogy between quantum and 
statistical geometrodynamics. 

To get stochasticity we have to remove the presence of a massless scalar field from the 
evolution of a generic Universe toward the singularity (the cosmological term plays no 
role asymptotically). Replacing the Misner variables {a , P+ , P-} with the Misner- 
Chitre-like ones {p ,u ,v}, where u and v define the Poincare half-plane representation 
of the two-dimensional Lobachevsky space (for details of the coordinates transformation 
see [Is]), the action (i44ll rewrites as 



S. 



Red 



du dv dp Ne "^^ 
^"9^ + ^"9^ + " 2AD\J 



■H 



with 



and 



H 



D 



exp 



1 + u + 



(99) 



(100) 



:ioi) 



The potential term U{p ,u ,v) can be easily calculated (see [T9l l4T]). 

According to the analysis developed in the previous subsection, the ensemble 
representation of this stochastic system takes the following form in the configuration 
space associated to a space point (in what follows we will omit the subscript y concerning 
the the point-like distribution w{p ,u ,v)) 





+ U{p ,u .u) =0 



(102) 



dw 

'dt^U 
N 



N d 



J I dp 



'd'pD^ 



+ 



+ 



12 I J 



-2p 



.d 



du 



'dS_w\ d_ 
, du D I dv 



dS 2 ^ 
dv^ D. 



0, 



(103) 



5* being the Hamilton- Jacobi function. 

From the equation above, it can be easily inferred that the limit toward the 
cosmological singularity p ^ oo (where D and all its derivatives vanish) corresponds to 
asymptotically increasingly smaller values of the time derivative This consideration 
holds only for a regular enough behavior of the lapse function and it qualitatively 
confirms that the ensemble distribution has to retain a time dependence which, despite 
its low-order character, accounts for the relic of an evolutionary quantum gravity. 
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However, the correct characterization of the obtained ensemble dynamics passes trough a 
careful discussion of the allowance in fixing the lapse function. In fact, due to the long- 
wavelength approximation, the spatial gradients of the variable p are asymptotically 
negligible, so that it de-parametrizes (in the line of [T2]) and the request 

Ne-^^ dS 



dtp 



12D \ J \ Or 



(104) 



can be imposed to deal with a real time coordinate. When r plays this role, the 
corresponding ensemble picture is summarized by the following system 



^ + +U{p,u.u) 




0. 



(105) 
(106) 



0, || = const.} is taken, these equations 



When the asymptotic limit {p — oo, U 
overlap the stationary picture described in some detail in [42] (see also references 
therein). However, as shown in |43] (by using at all equivalent variables), the stationary 
microcanonical distribution is approached by an exponential decay in the p-dependence. 
Such a feature quantitatively defines the time behavior of the ensemble as a lower order 
effect for a point-like mixmaster Universe. 

But, the de-parametrization of the variable p and its time role in the dynamics are 
consistent with a decoherence behavior as discussed in the semiclassical limit above (the 
main point here is that the asymptotic classical evolution of p is independent of the other 
variables). Therefore, the correspondence between the evolution of the microcanonical 
ensemble of the mixmaster and a Schrodinger quantum gravity is valid in the limit when 
only some variables {u and v here) follow a full quantum behavior, while another one {p 
here) is mainly a classical degree of freedom (like in Section 5). Of course, the possibility 
to deal with a component of a gravitational system as a good time variable, is not a 
general feature and the full correspondence we established in this section would hold 
just for those ensembles which make no allowance for any decoherence scenario. 
Finally, it is worth noting that the outlined picture of the mixmaster chaoticity 
qualitatively coincides with the one proposed in [201, with respect to the definition 
of an ensemble. In fact, the conclusion of our analysis indicates that, in this model, the 
chaoticity can be properly addressed by means of a relational point of view. 



7. CONCLUDING REMARKS 



We proposed an evolutionary paradigm for the reformulation of the quantum gravity 
problem, based both on the restriction of the covariance principle within a synchronous 
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reference frame, and on the more general correspondence between the ensemble 
dynamics of stochastic gravitational systems and the semiclassical WKB limit of their 
quantum dynamics. The common issue of these two different approaches concerned 
the appearance of a non-zero eigenvalue of the super-Hamiltonian, which turned out 
to vanish as ^ — > 0. Such contribution accounts for a time evolution of the quantum 
gravitational field, but it does not affect the right classical limit of General Relativity. 

Dealing with the synchronous gauge, we get a non-zero super-Hamiltonian 
eigenvalue following the scheme of the Noether theorem as applied to the corresponding 
gravitational Lagrangian. The crucial point here is that this additional term can be 
re-casted as a dust contribution, which behaves as a source of the gravitational field. 
Thus, we saw that the gauge fixing induces the appearance of a real matter, playing the 
role of a reference. The quantum analysis clarifies that such additional contribution has 
a non-classical origin and, therefore, the limit of General Relativity is always preserved 
as — > 0, even if we restricted the dynamics to a synchronous reference (this point was 
discussed in detail for the quantum cosmology model addressed above). 

The merit of the discussion concerning the stochastic gravitational system, consists 
in the demonstration that the ensemble time evolution would be associated with the 
first order in h in the expansion of the super-Hamiltonian eigenvalue. 

It is worth stressing that the example of the chaotic inhomogeneous mixmaster 
has outlined the necessity to deal with a Schrodinger equation only in the decoherent 
picture, when a portion of the system de-parametrizes from the whole and it plays the 
role of a good time variable. 
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